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Abstract 

We study the boundary value problem for the stationary rotating black hole solutions to the 
five-dimensional vacuum Einstein equation. Assuming the two commuting rotational symmetry 
and the sphericity of the horizon topology, we show that the black hole is uniquely characterized 
by the mass, and a pair of the angular momenta. 
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I. INTRODUCTION 



In recent years there has been renewed interest in higher dimensional black holes in the 
context of both string theory and brane world scenario. Inparticular, the possibility of 
black hole production in linear collider is suggested Such phenomena play 

a key role to get insight into the structure of space-time; we might be able to prove the 
existence of the extra dimensions and have some information about the quantum gravity. 
Since the primary signature of the black hole production in the collider will be Hawking 
emission from the stationary black hole, the classical equilibrium problem of black holes is 
an important subject. The black holes produced in colliders will be small enough compared 
with the size of the extra dimensions and generically have angular momenta, they will be 
well apj^roximated by higher dimensional rotating black hole solutions found by Myers and 
Perry |5||. The Myers- Perry black hole which has the event horizon with spherical topology 
can be regarded as the higher- dimensional generalization of the Kerr black hole. One might 
expect that such a black hole solution describes the classical equilibrium state continued 
from the black hole production event, if it equips stability and uniqueness like the Kerr 
black hole in four-dimensions. The purpose of this paper is to consider the uniqueness and 
nonuniqueness of the rotating black holes in higher dimensions. 

The uniqueness theorem states that a four- dimensional black hole with regular event hori- 
zon is characterized only by mass, angular momentum and electric charge p, . Recently, 
uniqueness and nonuniqueness properties of five or higher- dimensional black holes are also 
studied. Emparan and Reall have found a black ring solution of the five- dimensional vacuum 
Einstein equation, which describes a stationary rotating black hole with the event horizon 
homeomorphic to 5*^ x 5*^ 8]. In a certain parameter region, a black ring and a (Myers- 
Perry) black hole can carry the same mass and angular momentum. This might suggest the 
nonuniqueness of higher- dimensional stationary black hole solutions. For example, Reall ^ 
conjectured the existence of stationary, asymptotically fiat higher- dimensional vacuum black 
hole admitting exactly two commuting Killing vector fields although all known higher di- 
mensional black hole solutions have three or more Killing vector fields. In six or higher 
dimensions, Myers-Perry black hole can have an arbitrarily large angular momentum for a 
fixed mass. The horizon of such black hole highly spreads out in the plane of rotation and 
looks like a black brane in the limit where the angular momentum goes to infinity. Hence, 
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Emparan and Myers argued that rapidly rotating black holes are unstable due to the 
Gregory-Laflamme instability and decay to the stationary black holes with rippled hori- 
zons implying the existence of black holes with less geometric symmetry compared with the 
Myers-Perry black holes. For supersymmetric black holes and black rings, string theoretical 
interpretation are given by Elvang and Emparan They showed that the black hole and 
the black ring with same asymptotic charges correspond to the different configurations of 
branes, giving a partial resolution of the nonuniqueness of supersymmetric black holes in 



five dimensions. On the ot 



the static case [13, llJ, ll 



ler hand, we have uniqueness theorems for black holes at least in 
IS, l^Q- Furthermore, the uniqueness of the stationary black 



holes is supported by the argument based on linear perturbation of higher dimensional static 



black holes 



20|. There exist regular stationary perturbations that fall off at asymptotic 



region only for vector perturbation, and then the number of the independent modes corre- 
sponds to the rank of the rotation group, namely the number of angular momenta carried 
by the Myers- Perry black holes {2^. This suggests that the higher-dimensional stationary 
black holes have uniqueness property in some sense, but some amendments will be required. 
Here we consider the possibility of restricted black hole uniqueness which is consistent with 
any argument about uniqueness or nonuniqueness. Though the existence of the black ring 
solution explicitly violates the black hole uniqueness, there still be a possibility of black hole 
uniqueness for fixed horizon topology [2^. Hence we restrict ourselves to the stationary 
black holes with spherical topology. 

In this paper, we consider the asymptotically fiat, black hole solution to the five- 
dimensional vacuum Einstein equation with the regular event horizon homeomorphic to 5*^, 
admitting two commuting spacelike Killing vector fields and stationary (timelike) Killing 
vector field. The two spacelike Killing vector fields correspond to the rotations in the {X^- 
X^)-plane and (X^-X^)-plane in the asymptotic region ({X^} are the asymptotic Cartesian 
coordinates}, respectively, which are commuting with each other. Along with the argument 
by Carter [2j|, it is possible to construct a timelike Killing vector field tangent to the fixed 
points (namely, axis) of the axi-symmetric Killing vector field from the given timelike Killing 
vector field. Repeating this procedure for each commuting spacelike Killing vector field, the 
obtained timelike Killing vector field is also commuting with both spacelike Killing vector 
fields. Hence, it is natural to assume all the three Killing vector fields are commuting with 
each other. The five-dimensional vacuum space-time admitting three commuting Killing 
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vector fields is described by the nonlinear cr-model j^^. Then the Mazur identity 25 1 for 
this system is derived. We show that the five- dimensional black hole solution with regular 
event horizon of spherical topology is determined by three parameters under the appropriate 
boundary conditions. 

The remainder of the paper is organized as follows. In Section 111 A[ we give the field 
equations for the five- dimensional vacuum space-time admitting three commuting Killing 



vector fields. In Section FIIBI we introduce the matrix form of field equations to clarify the 



hidden symmetry of this system following Maison [2J|. Then the Mazur identity which is 
useful to show the coincidence of two solutions is derived in Section IIIII In Section IIV| 
we determine the boundary conditions. We summarize this paper and make discussions on 
related matters in Section |V1 



II. FIVE-DIMENSIONAL VACUUM SPACE-TIME ADMITTING THREE COM- 
MUTING KILLING VECTOR FIELDS 

Assuming the symmetry of space-time, the Einstein equations reduce to the equations 
for the scalar fields defined on three-dimensional space. Then, we show that the system of 
the scalar fields is described by a nonlinear cr-model. 



A. Weyl-Papapetrou metrics 

We consider the five-dimensional space-time admitting two commuting Killing vector 
fields C,i = dj, (/ = 4, 5). The metric can be written in the form 

g = f'^'jijdx'dx^ + fij{dx^ + w'idx'){dx'^ + Wjdx^), (1) 

where i,j = 1,2,3, / = det(/7j). The three-dimensional metric •jij, the functions and 
fij are independent on the coordinates x^ (x^ = 0, = ip, and we will later identify ^4 
and ^5 as Killing vector fields corresponding to two independent rotations in the case of 
asymptotically flat space-time). We define the twist potential uj by 

coi,, = f fiJ^/Whj,Y'"'Y^d„.wi, (2) 

where /i = l,---,5, 7 = det(7jj), 7*-' is the inverse metric of 'jij, and ex^u denotes the 
totally skew-symmetric symbol such that £123 = 1, c/^j^ = 0. Then the vacuum Einstein 
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equation reduces to the field equations for tlie five scalar fields fu and ujj defined on the 
three-dimensional space: 

D'fij = f'^'-DfrK ■ DfjL - r^Duj ■ Duj, (3) 
D^uj = r'Df ■ Duj + f^'Dfij ■ DuK, (4) 

and the Einstein equations on the three-dimensional space: 

^'^R^j = \r'f,if,j + \f'f''fiK,f.jL,j + (5) 

where D is the covariant derivative with respect to the three-metric and the dot denotes 
the inner product determined by 7ij. 

Here we assume the existence of another Killing vector field .^3 = ^3 which commutes 
with the other Killing vectors as [^3,^] = (we will later identify the ^3 as the stationary 
Killing vector field in the case of asymptotically flat space-time). Then the metric can be 
written in the Weyl-Papapetrou-type form j^] 

g = f-^e^^idp^ + dz^) - f-^p^de + fij{dx^ + wUt){dx^ + wMt), (6) 

where we denote = t, and all the metric functions depend only on p and z. Once the 
five scalar fields fij,uji are determined, the other metric functions a and are obtained 
by solving the following partial derivative equations: 

2 1 2 2 2 l /J MN 

-(^,p = ^/ [(/,p) ^ {f,z) ] + ^/ / {flM,pfjN,p — flM,zfjN,z) 

+ ^f~^f^'^{^^I,p^^J,p-^^I,zUJj,z), (7) 
-'^,z = ^/ ^/,p/,z + -^f^'^ f^^^ flM,pfjN,z + -/ ^ f^'^^I,p^J,z, (8) 

= pr'f'^j,z, (9) 

^!z = -Pf-'f'ooj,,. (10) 

The fjj and uj are given by axi-symmetric solution of the field equations and Q on the 
abstract flat three-space with the metric 

7 = dp"^ + dz'^ + p'^difi'^. (11) 



Thus the system is described by the action 



S = J dpdz p 



;i2) 
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B. Matrix representation 



The action ()12j) is invariant under the global SL{3, R) transformations as shown by 



Maison 2J|. Instead of the nonlinear representation by the scalar fields fjj and uj, we 
introduce the S'L(3, R) matrix field $ as 

^ f-' -/-^ -/-'^/ 

* = -f'^^<f> f<t,(t> + f'^uj^uj^ f^^ + f-'^uj^u^ , (13) 

1^ — / ^^i) f<f>ilj + f^^^^ipUJ^ f^^ + f~^UJ^UJ^ J 

which is symmetric (*$ = $) and unimodular (det $ = !)• transforms as a covariant, 
symmetric, second-rank tensor fields under global SL{3, R) transformations. When the 
Killing vector fields and are spacelike, all the eigenvalues of $ are real and positive. 
Therefore, there is an SL{3, R) matrix field g which is a square root of the matrix field 
namely 



(14) 



This square root matrix g is determined upto global 50(3) rotation because the rotation 
g (-^ gA for any A G 5*0(3) is canceled by A^^ = *A. Since any S'L(3,R) matrix field g 
conversely defines a symmetric and unimodular matrix field by $ = (7 *(?, the matrix $ defines 
a map from two-dimensional p-2;-half plane (base space) to the coset space 5*17(3, R)/50(3). 
The inverse matrix of $ is explicitly given by 



V 



(15) 



and transforms as a second rank contravariant tensor field on the base space. 
The current matrix defined by 



(16) 



linearly transforms according to the adjoint representation of S'L(3, R). This current is con- 
served, namely every element of -Dj J* independently vanishes due to the field equations (jSj) 
and dH). 
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The action p2|) can be expressed in terms of Jj or $ as 



S = dpdzptiiJiJ'), (17) 
= dpdzptT{<^-^di<^<i>^^d'<^). (18) 



This action takes a nonhnear a-model form. 



III. MAZUR IDENTITY 



Let us consider two different sets of the field configurations $[o] and satisfying the 
field equations © and (jH). To show the coincidence of the two solutions, we will derive the 
Mazur identity for the nonlinear cr-model on the symmetric space SL{3,I{,)/ S0{3) 

A bull's eye ® denotes the difference between the value of functional obtained from the 
field configuration and value obtained from $[o]) ^.g'., 

J' = Ji,] - Jfo] = '^md^'^W - %id^%]- (19) 
The deviation matrix \1/ is defined by 

vl> =$ = $[,,$-^1 - 1, (20) 

where 1 is the unit matrix. The deviation \1/ vanishes if and only if the two sets of field 
configurations ([1] and [0]) coincide with each other. Differentiating 

M = $f^5^$-f, (21) 

and taking divergence, we obtain 

D,iD^^) = $[1] A J' $fof + $[1] { Jfi] - 2 J[i],: J[l,] + J[o]. Jfoj } $fof • (22) 

Due to the current conservation Z)j J* = 0, the first term of the right hand side of Eq. (|22| 
vanishes. Since *J* = $J*$^^, the second term of the right hand side can be rewritten as 

*[i] " '^Mi'^m + Mi-^m} ^[0] = (^[i] Ji - Ji J[o\) ^[o] (23) 

= ^]<|.[i] J.$fof-$[i] J.$Pof*J[V (24) 

Then taking trace, we obtain the identity 

(AI^W) =tr|*J^$[i] J.$fo]}. (25) 
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Since D is covariant derivative with respect to the abstract flat three-metric fllip and all 
quantities are independent on yj, the above identity is 

a„(pa«tr^) =p/i,,tr|*j"<l>[i] j'$fof}, (26) 

where hab is the flat two-dimensional metric 

h = dp^ + dz^. (27) 

Integrating Eq. over the relevant region S = {{p,z)\p > 0} in p-z plane, and using 
Green's theorem, we find 

pa^tr^d^, = phabtr I* J'^ $[1] $fo] } dpdz, (28) 

where the boundary dH is corresponding to the horizon, the two planes of rotation and 
infinity. Since the matrix $ has the square root matrix g as Eq. ()14|1 . the integrand of the 
right hand side of Eq. ()28|1 is written by 

p/i,fetr|*J'^<l>[i] J^^pfj =p/i,5tr|^[-f *J'^^[i]*(7[i] J'%]] (29) 

Thus, we obtain the Mazur identity 

/ p(9"tr^d5'„= f pKbtT{M^'M^}dpdz, (30) 

where the matrix is defined by 

M^ = g[,l'J^gl^y (31) 





When the current difference J'^ is not zero, the right hand side of the identity ()3()j) is positive. 



Hence we must have J*^ = if the boundary conditions under which the left hand side of 
Eq. (jHUj) vanishes are imposed at (9S. Then the difference is a constant matrix over the 
region S. The limiting value of \E' is zero on at least one part of the boundary 9S is sufficient 
to obtain the coincidence of two solutions $[o] and 

IV. BOUNDARY CONDITIONS AND COINCIDENCE OF SOLUTIONS 



When one use the Mazur identity, the boundary conditions for the fields $ {i.e., fjj 
and uj) are needed at the infinity, the two planes of rotation and the horizon. We will 

8 



require asymptotic flatness, regularity at the two planes of rotation, and regularity at the 
spherical horizon. Under these conditions, the Mazur identity shows that the coincidence of 
the solutions. 

An asymptotically flat space-time with mass M = Sirm/SG, angular momenta = 
nma/AG and = nmb/AG (where we restrict ourselves to the case in which m > + 6^ + 
2|a6|) has metric as the following form: 

'2ma 



9 = - 



dt'- 



+ 0{r- 



dt(ydx — xdy) 



2mb 



+ 0{r- 



+ 



m 



dt{wdz — zdw) 

[dx^ + dy"^ + dz^ + dw\ 



Here introducing the coordinates 



(32) 



X = vr^ + o^ sin ^ cos [0 — tan ^(a/r)]. 



y 

z 
w 



-y/r^ + sin 9 sin[0 — tan ^(a/r)]. 



VrM-fe^cos 6' cosf-?/^ — tan '^(b/r)]. 
+ 6^ cos 6 smlip — tan^^(6/r)]. 



(33) 
(34) 
(35) 
(36) 



and proceeding further coordinate transformations 



+ 

dij = dip- ^ 
r + 



dr, 
dr. 



then one obtains 



+ 
+ 



2m6(r^ + 6^ 



dt^ + 



2ma(r^ + a^) .2 



sin^6' + 0(r~ 



■cos^ + O{r~ 



dtdip 



X 



+ cos^ 9 + b'^ sin^ ^ 1 , 2 
-r dr 



dtd(j) 



(37) 
(38) 



(r2 + a2)(r2 + 62) 

+ {r^ + cos^ e^b^ sin^ e)de'^ + (r^ + c?) sin^ ^^0^ + (r^ + 6^) cos^ edi\)'^ 



■ (39) 

Here the metric ()39p admits two orthogonal planes of rotation 9 = ti/2 and = 0, which are 
specifled by the azimuthal angles and -0, respectively. The planes 6' = and = 7r/2 are 
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invariant under the rotation with respect to the Kilhng vector fields and 9^, respectively. 
Both angles and ip have period 27r. Comparing the asymptotic form with the Weyl- 
Papapetrou form we derive boundary conditions. 
The regularity on invariant planes requires 

Qh = = sin^ Of^^, (40) 
dtptp = ftptp = cos^ df^^, (41) 
g<t,ij = f<Pi} = sin^6cos^6f^^, (42) 

where the quantities with tilde are regular at both the invariant planes and the black hole 
horizon. 

The asymptotic behavior of f^j,^ and /^^ are derived from Eq. (jSHl), and f^^ is at most 
0(r~^) since Killing vectors and are asymptotically orthogonal. 

= r' + a' + ^ + 0{r-'), (43) 
= r2 + 62 + _ + o(r-i), (44) 
hi' = O(r-i). (45) 

Since /^^ is negligible as compared with /^^ and /^^ in the asymptotic region, the leading 

terms of gt^fi and gt^ are f^cf^w'^ and respectively. Then, we have 

. masin^^ 3, 
= 5 + 0(r-3), (46) 



mb cos^ 6' 



/^^^^'^ = —y, + 0{r-'). (47) 



Thus we obtain 



= !!^ + o(r-^), (48) 

u,^ = ^ + o(r-5). (49) 

Similarly, we have 

9u = ~r'p^ + U'PW^w'f' + 2f^^w^w^ + U^wV (50) 



l + - + 0(r-^). (51) 



r 



Here 0(r ^) term must come from — / ^p^ term since the are 0{r ^). Therefore p 
behaves as 



+ {a' + b'y + 0{r) sin' ^ cos' ^. (52) 
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does not only vanish at 0-invariant plane (sin^ = 0) and ■^/'-invariant plane (cos^ = 0), 
but also vanishes at the horizon due to the form of the metric ©■ Since the horizon has 
topology of S*^, let us introduce the spheroidal coordinates on E as 



P 



A/i, 

(A^-c^)(l-/.^) 



(53) 
(54) 



where /i = cos 20. Then the relevant region is S = {(A,/i)|A > c, — 1 < |U < 1}. The 
boundaries A = c, A = +oo, /i = 1 and /i = — 1 correspond to the horizon, the infinity, 
the 0-invariant plane and the ■^/'-invariant plane, respectively. In these coordinates, the 
two-dimensional metric on S is given by 

'' = V + <i^' = (A^-cV)(^ + Y^). (55) 

The boundary integral in the left hand side of the Mazur identity (jHn|) is explicitly written 

as 

-1 



i pd\i^dSa = / dX 

JdT. Jc 



+ / dX 



hxx dtT^ \ 



+ I dfi 



hxx^ dX 



+ I dfi 

1+1 



hxx^ dX 



A=oo 



A=c 



where 



d 



fril(-f+fm^i^j) + fioifij 



dx"- dx"- 

Here the relation between A and r is given by 



for x°' = A, fi. 



+ 0(r 



-1-1 



or 



V2X'/' 



l-^ + 0(A-/^) 



(56) 



(57) 



(58) 



(59) 



The boundary conditions for //j are summarized as follows: 





/)-invariant plane 
/i ^ +1 


■j/^-invariant plane 
/i^-1 


horizon 

A ^ c 




infinity 

A +00 




0(1) 


0(1) 


0(1) 


2A + (a2 


-b^ + m)/2 + 0(A-i/2) 




0(1) 


0(1) 


0(1) 




0(A-V2) 


fi>i> 


0(1) 


0(1) 


0(1) 


2A + (62 


-a^ + m)/2 + 0{X-'/^) 
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where 



(60) 

^^4^/.., (61) 



fipip — - — ^^U-ip- (62) 

Next, let us derive the boundary conditions for the twist potentials. By the definition of 
twist potentials, Eq. (j2)). 



dX — (9/i ' dfi 1 — /i^ dX 



(63) 
(64) 



dX A^ — (9/i ' dfi 1 — /i^ dX 
From the /i dependence of fu, the fj, dependence of the derivatives of the twist potentials 
are given as follows: 

at n = +1, — does not have (1 — /i) as a factor, (65) 
at yU = — 1, does not have (1 + /i) as a factor. (66) 

In the asymptotic region (A +cxd), the derivatives of the twist potentials behave as 

^ = 0(A-^/^), (67) 
^^'^ -^(l-/i) + 0(A-V^). (68) 









dX 




dX 




_ duj^ 




dX 




dX 



dfx 2 



Thus we obtain 



and similarly 



004, = -^/i(2 - /i) + (1 - + fi)0{X-'/^), (69) 



u;^ = -^/x(2 + /.) + (1 - /x)(l + /x)20(A-i/2). (70) 

Then, of course, the condition that uj are regular on the horizon is required. 
The boundary conditions for uj are summarized as follows: 





/)-invariant plane 


^/'-invariant plane 


horizon 


infinity 




/i ^ +1 


fi —1 


A ^ c 


A — s> +00 




0((l-/.)2) 


0(1 + /i) 


0(1) 


0(A-i/2) 




0(1 -/i) 


0{{l + f^r) 


0(1) 


0(A-V2) 
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where 



ma 



fi{2 - fi) + uj^, 



4 
Tfih 



(71) 
(72) 



The behavior of the following quantities which appear in the boundary integral ()56p are 
easily calculated as follows. 

0-invariant plane ■^/'-invariant plane horizon infinity 



/i ^ +1 



/i 



-1 



A ^ c A 



+ 00 



atr^/aA 
P 

\Jh\x/h 



Oil] 



Oil] 



o(v/r^) 



0(1) 



0(A-5/2) 

0(A) 
0(A) 



OiVTTJI) 



Then, the boundary integral (I^Uj) vanishes. The difference matrix \1/ is constant and has 
asymptotic behavior as 

^0(A-3/2) o{\-y^) 0(A-7/2)\ 

^ ^ 0(A-i/2) 0(A-3/2) 0(A-3/2) , (A +oo). (73) 

^0(A-i/2) 0(A-3/2) 0(A-3/2)^ 

\1/ vanishes at the infinity, and then \1/ is zero over S. Thus, the two configurations $[o] and 
$[1] coincide with each other. 



V. SUMMARY AND DISCUSSION 



We show uniqueness of the asymptotically flat, black hole solution to the five- dimensional 
vacuum Einstein equation with the regular event horizon homeomorphic to S^, admitting two 
commuting spacelike Killing vector fields and stationary Killing vector field. The solution of 
this system is determined by only three asymptotic charges, the mass M = Snm/SG and the 
two angular momenta = irma/AG and = nmb/AG. The five-dimensional Myers-Perry 
black hole solution is unique in this class. 

The vacuum black ring solution fulfills above conditions other than that on the topology 
of the horizon. There exist two black ring solutions which have same mass and angular 
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momentum, which means uniqueness property fails for the 5*^ x event horizon. It is 
intriguing to investigate how this nonuniqueness occurs. 

It will be impossible to extend our argument using the Mazur identity to the six or higher 
dimensional Myers-Perry black hole solutions. An n-dimensional space-time admitting {n — 
3) commuting Killing vector fields is always described by nonlinear cr-model as shown by 



Maison j2J|. To derive the Mazur identity for this nonlinear a-model, all the in — 3) Killing 
vector fields have to be spacelike. However, the ra-dimensional Myers-Perry black hole space- 
time has only [(n — 1)/2] commuting spacelike Killing vector fields. Thus our method cannot 
be used except for the five-dimensional Myers-Perry black hole. 

The rigidity theorem in four dimensions claims that the asymptotically flat, stationary 
analytic space-time is also axi-symmetric j^]. However the existence of additional space- 
time Killing vector fields is not justified in the case of five-dimensional black holes any longer. 
Therefore uniqueness shown in the present work does not exclude the possibility of existence 
of the black hole solutions with less symmetry as suggested by Reall jst. 
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